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Yukawa interaction: interaction among fermions and Higgs

VY = (Yff �)ij
f̄if

�
jH (i, j = 1, 2, 3 : generation)

The standard model: GSM = SU(3)C × SU(2)L × U(1)Y

Higgs field: Vacuum expectation value (VEV) �H0� = v �= 0

SU(2)L × U(1)Y → U(1)EM

Quark qL = (uL, dL)T · · · (3,2)1/6

ūR · · · (3̄,1)−2/3

d̄R · · · (3̄,1)1/3

Lepton lL = (νL, eL)T · · · (1,2)−1/2

ēR · · · (1,1)1
Higgs H = (H+

,H
0) · · · (1,2)1/2



14 11. CKM quark-mixing matrix
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Figure 11.2: Constraints on the ρ̄, η̄ plane. The shaded areas have 95% CL.

These values are obtained using the method of Refs. [5,89], and the prescription of
Refs. [98,115] gives similar results [116]. The fit results for the magnitudes of all nine
CKM elements are

VCKM =




0.97419 ± 0.00022 0.2257 ± 0.0010 0.00359 ± 0.00016
0.2256 ± 0.0010 0.97334 ± 0.00023 0.0415+0.0010

−0.0011

0.00874+0.00026
−0.00037 0.0407 ± 0.0010 0.999133+0.000044

−0.000043



 , (11.27)

and the Jarlskog invariant is J = (3.05+0.19
−0.20) × 10−5.

Fig. 11.2 illustrates the constraints on the ρ̄, η̄ plane from various measurements and
the global fit result. The shaded 95% CL regions all overlap consistently around the
global fit region, though the consistency of |Vub/Vcb| and sin 2β is not very good.
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VCKM =




1− λ2/2 λ Aλ3(ρ− iη)
−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1



 +O(λ4)

VCKM ∼




1 λ λ4

λ 1 λ2

λ3 λ2 1



ρ ∼ η ∼ O(λ), A ∼ O(1)

λ � 0.23, A � 0.81, ρ � 0.14, η � 0.35
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Experimental value

VCKM =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb





Interactions of quarks are characterized
by the CKM matrix.

The CKM matrix



1 2 3
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Origin of the hierarchical structure of fermion masses

Mystery of the standard model

• Down quarks and charged leptons have similar structure

of mass hierarchy.

• Hierarchy among up quarks is much larger.

⇒ Grand unified theory (GUT) may provide the solution.
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6 15. Grand Unified Theories

the Higgs mass bound itself.

Figure 15.1: Gauge coupling unification in non-SUSY GUTs on the left vs. SUSY
GUTs on the right using the LEP data as of 1991. Note, the difference in the
running for SUSY is the inclusion of supersymmetric partners of standard model
particles at scales of order a TeV (Fig. taken from Ref. 21). Given the present
accurate measurements of the three low energy couplings, in particular αs(MZ),
GUT scale threshold corrections are now needed to precisely fit the low energy data.
The dark blob in the plot on the right represents these model dependent corrections.

At present, gauge coupling unification within SUSY GUTs works extremely well. Exact
unification at MG, with two-loop-RG running from MG to MZ , and one-loop-threshold
corrections at the weak scale, fits to within 3 σ of the present precise low-energy data. A
small threshold correction at MG (ε3 ∼ −3 to − 4%) is sufficient to fit the low-energy
data precisely [22–24]. 2 This may be compared to non-SUSY GUTs, where the fit
misses by ∼ 12 σ, and a precise fit requires new weak-scale states in incomplete GUT
multiplets, or multiple GUT-breaking scales.3

2 This result implicitly assumes universal GUT boundary conditions for soft SUSY-
breaking parameters at MG. In the simplest case, we have a universal gaugino mass
M1/2, a universal mass for squarks and sleptons m16, and a universal Higgs mass m10, as
motivated by SO(10). In some cases, threshold corrections to gauge coupling unification
can be exchanged for threshold corrections to soft SUSY parameters. See for example,
Ref. 25 and references therein.

3 Non-SUSY GUTs with a more complicated breaking pattern can still fit the data.
For example, non-SUSY SO(10) → SU(4)C × SU(2)L × SU(2)R →SM, with the second
breaking scale of order an intermediate scale, determined by light neutrino masses using
the see-saw mechanism, can fit the low-energy data for gauge couplings [26], and at the
same time survive nucleon decay bounds [27], discussed in the following section.
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Grand Unified Theory (GUT)
Gauge interaction of the standard model: SU(3)C × SU(2)L × U(1)Y

Three gauge couplings meet at the high energy scale.
⇒ Unification of gauge interactions?

Minimal model: SU(5) GUT

SU(5) ⊃ SU(3)C × SU(2)L × U(1)Y
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Yu = Y10, Yd = Y T
e = Y5̄

10 dimensional fields: 101, 102, 103 5 dimensional fields: 5̄1, 5̄2, 5̄3

• Quarks and leptons:

• Higgs fields:

10i = Qi ⊕ ūi ⊕ ēi, 5̄i = d̄i ⊕ Li (i = 1, 2, 3)

5 dimensional fields: 5H , 5̄
H̄

5H = Hu ⊕HC , 5̄H = Hd ⊕ H̄C

Yukawa interaction
• (Y10)ij10i · 10j · 5H → (Y10)ij

QiūjHu

• (Y5̄)ij10i · 5̄j · 5̄
H̄
→ (Y5̄)ij

Qid̄jHd + (Y5̄)ij
ēiLjHd

(SUSY) SU(5) GUT



11.3.3	 

7	 

H.	  Kawase	 

SO(10) GUT SO(10) ⊃ SU(5)× U(1)V

16i = 10i ⊕ 5̄i ⊕ 1i

u

c

t

d

s

b

e

µ

τ

νe

νµ

ντ

271

272

273

161

162

163

or

SO(10) E6

Matter fields are unified in SO(10) GUT and E6 GUT

(SU(5) decomposition)

GUT based on larger gauge group

E6 GUT E6 ⊃ SO(10)× U(1)V �

(SO(10) decomposition) (SU(5) decomposition)

Additional 5 and 5̄ fields are present for each generation.

27i = 16i ⊕ 10i ⊕ 1i ⇒ [10i ⊕ 5̄i ⊕ 1i]⊕ [5i ⊕ 5̄�
i]⊕ [1�

i]
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27 = 16⊕ 10⊕ 1 ⇒ [10⊕ 5̄⊕ 1]⊕ [5⊕ 5̄�]⊕ [1�]




5̄1

5̄2

5̄3








5̄�
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5̄�
2

5̄�
3








51

52

53





In E6 GUT, the mass hierarchy of fermions can be explained naturally.

�Φ� = �1Φ� �= 0 ⇒ E6 → SO(10)

�C� = �16C� �= 0 ⇒ SO(10) → SU(5)

Yukawa interaction (27 · 27 · 27)

heavy

Extra 5, 5̄ pairs become massive due to the VEV of Higgs fields Φ and C:

Ψi · Ψj · �Φ� → 10i · 10j · �1Φ� → 5i · 5̄�
j · �1Φ�

Ψi · Ψj · �C� → 10i · 16j · �16C� → 5i · 5̄j · �16C�

• Φ = 16Φ ⊕ 10Φ ⊕ 1Φ

• C = 16C ⊕ 10C ⊕ 1C

Ψi = 16i ⊕ 10i ⊕ 1i: Matter fields (i = 1, 2, 3)
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5̄1

5̄2

5̄3



→




1 0 0
0 0 1
� � �








5̄0

1

5̄0
2

5̄0
3





Assume that (5̄3, 5̄�
2, 5̄�

3) and (51,52,53) obtain large mass terms.

5̄0
1 ∼ 5̄1 + · · ·

5̄0
2 ∼ 5̄�

1 + · · ·
5̄0

3 ∼ 5̄2 + · · ·

Massless modes: 5̄0
i

=⇒

(Y )ijΨi · Ψj · H ⇒ (Y )ij10i · 10j · 5H + (Y )ij10i · 5̄j · 5̄H̄

u
c

t

Up-type
d

s

b

Down-type
e

µ

τ

Lepton

Yd, Y
T
e ∼ Y ·




1 0 0
0 0 1
� � �



 ∼




λ6 � λ5

λ5 � λ4

λ3 � λ2



Yu ∼ Y ∼




λ6 λ5 λ3

λ5 λ4 λ2

λ3 λ2 1





hierarchy among up quarks � hierarchy among down quarks and leptons
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HC H̄C

Q

Q

Q

L

Mp→K+ν̄ ∼
1

MC

MSSM GUT

Hu Hd Hu HC5H = Hd H̄C5̄
H̄

=

New fields in SU(5) GUT: triplet Higgs HC , H̄C

Hu Hdand must be ∼ 102 GeV HC H̄Cand must be > 1017 GeV

Doublet-triplet splitting (DTS) problem

Interaction involving triplet Higgs HC and H̄C violate the baryon number.

Proton decay
Mass of triplet Higgs: MCHCH̄C

MC > 3× 1017 GeV is needed.
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L

QQ

Q

HC

H̄
�
C H

�
C

H̄C ∼ 1
Meff

=
m

v2
A

Dimopoulos-Wilczek mechanism

WH = mH
�
H

� + H�A�H �

⇒ (HC H
�
C)

�
0 vA

vA m

� �
H̄C

H̄
�
C

�
+ (HD H

�
D)

�
0 0
0 m

� �
H̄D

H̄
�
D

�

In SO(10) GUT (and in E6 GUT), there is a solution for the DTS problem:

SO(10)→ SU(3)C × SU(2)L × SU(2)R × U(1)B−L

• MSSM Higgs: HD, H̄D

• Triplet Higgs: HC , H̄C

If m� vA, proton decay can be avoided.

• Adjoint Higgs: 45A

�45A� =
�

0 1
−1 0

�
⊗

�
vA · 13×3 03×2

02×3 02×2

�
∝ QB−L

S. Dimopoulos and F. Wilczek, Report No. NSF-ITP-82-07

M. Srednicki, Nucl. Phys. B202 (1982), 327

S. M. Barr and S. Raby, Phys. Rev. Lett. 79 (1997), 4748
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�A� = xQV � + yQV + zQY

E6 ⊃ SU(3)C × SU(2)L × U(1)Y × U(1)V × U(1)V �

�A� can be written as a linear combination of the U(1) charge:

V � V Y

Q 1 -1 1/6
ū 1 -1 -2/3
d̄ 1 3 1/3

The contribution to the Yukawa coupling from the adjoint Higgs �A� is

determined by the U(1) charge of quarks:

Up-type Yukawa Down-type Yukawa

� ≡ y/z

Adjoint VEV �A� in E6 GUT

⇒ The choice of adjoint VEV affect the structure of fermion mixing.

Ψ(�A�Ψ)H ⇒ QūHu−
24� + 1

5
Qd̄Hd
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E6 × SU(2)H GUT Matter: Ψ = (Ψ1, Ψ2), Ψ3

Ψ Ψ3 F F̄ A Φ C

E6 27 27 1 1 78 27 27

SU(2)H 2 1 2 2̄ 1 1 1

Z3 0 0 1 0 0 0 2

(YΦ)ijΨiΨjΦ + (YC)ijΨiΨjC ⇒ (Yu)ij
QiūjHu − (Yd)ij

Qid̄jHd

Assuming Hu ∼ 10Φ and Hd ∼ 10Φ cos θ + 16C sin θ,

• �Φ� = �1Φ� �= 0 ⇒ E6 → SO(10)

• �C� = �16C� �= 0 ⇒ SO(10) → SU(5)

• �A� = vA(QY + �QV ) �= 0 ⇒ SU(5) → GSM

• �FF̄ � �= 0 ⇒ SU(2)H → ×

Realistic model of flavor
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Parameters are chosen to produce the hierarchical Yukawa matrices:

Yu ∼




0 λ5 0
λ5 λ4 λ2

0 λ2 1



 , Yd ∼




λ6 λ5.5 − 24�+1

5 λ5

λ5 λ4.5 λ4

λ3 λ2.5 λ2





The CKM matrix VCKM can be obtained by diagonalizing Yu and Yd:

VCKM ∼




1 λ (4� + 1)λ3

λ 1 λ2

λ3 λ2 1



 +O(λ4) ⇔ V exp
CKM ∼




1 λ λ4

λ 1 λ2

λ3 λ2 1





Yukawa interactions

This term is dependent on the choice of adjoint VEV �A�.

YΦ :




0 Ψ(AΨ) 0

Ψ(AΨ) (FΨ)2 (FΨ)Ψ3

0 (FΨ)Ψ3 Ψ3Ψ3



 Φ

YC :




0 (FΨ)2 (FΨ)Ψ3

(FΨ)2 0 0
(FΨ)Ψ3 0 0



 C
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VCKM ∼




1 λ λ4

λ 1 λ2

λ3 λ2 1





�45A� =
�

0 1
−1 0

�
⊗

�
vA · 13×3 03×2

02×3 02×2

�

Relation with the DTS problem
If � = −1/4, the correct structure of CKM matrix can be obtained.

� = −1/4 corresponds to �45A� ∝ QB−L: QB−L =
2
5
QY − 1

10
QV

�45A� ∝ QB−L is just the direction which can solve the DTS problem

Measurement of the CKM matrix element Vub: low-energy physics

Manner of the GUT symmetry breaking: high-energy physics
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VCKM ∼




1 λ λ4

λ 1 λ2

λ3 λ2 1








5̄1

5̄2

5̄3








5̄�

1

5̄�
2

5̄�
3








51

52

53



heavy

�45A� =
�

0 1
−1 0

�
⊗

�
vA · 13×3 03×2

02×3 02×2

�

• In E6 GUT, mass hierarchy of fermions can be explained naturally.

• �45A� ∝ QB−L is a natural solution for the DTS problem.

Summary

• In the realistic model, the correct structure of the CKM matrix
can be obtained only if �45A� ∝ QB−L is satisfied.


